for v ∈ V 1 . In order to simplify the situation, we assume that dim V 0 = 1 so that there is a constant v, u ∈ C such that v 1 u = − v, u 1 for v, u ∈ V 1 .
We call V a rational vertex operator algebra in the case when each V -module is a direct sum of simple modules. Define C 2 (V ) to be the subspace of V spanned by elements u(−2)v for u, v ∈ V . We say that V satisfies condition C 2 if C 2 (V ) has finite codimension in V . 
In this paper, we consider these functions less formally by taking q to be the usual local parameter q = q τ = e 2πιτ at infinity in the upper half-plane
Although it is often said that a VOA is a conformal field theory with mathematically rigorous axioms, the axioms of VOA do not assume the modular invariance. However, Zhu [Z] showed the modular (SL 2 (Z) ) invariance of the space 
by introducing the concept of φ-twisted modules for a finite automorphism φ. An easy example of automorphism of a VOA is given by a vector v ∈ V 1 as φ = e 2πιv(0) . Especially if the eigenvalues of o(v) (= v(0) ) on modules are in (1/n)Z, then the order of e 2πιo(v) is finite. So for a V -module W and u, v ∈ V 1 , we define
and we call Z W (v; 0; τ )η(τ ) c a theta function of W , where u 1 u = − u, u 1 and [DLnM] .
For example, let V be a lattice VOA V 2Zx constructed from a 1-dimensional lattice L = 2Zx with x, x = 1. It has exactly four irreducible modules (see [D] ):
) be theta functions for h, k = 0, 1/2. By the construction of a lattice VOA (see [FLMe] ), it is easy to check
for h, k = 0, 1/2; their modular transformations
are well known (see [Mu] ). In particular, there are constants A h k ∈ C such that
Namely, the modular transformations of Z W h (zx(−1)1; 0 : τ ) are expressed by linear combinations of Z W k (u; v; τ ) of (ordinary) modules W k , but not twisted modules. By this result, for an automorphism φ = e v(0) , we can expect to obtain a modular transformation by using only the ordinary modules, which offers some information about twisted modules. This is the motivation of this paper, and we actually show that the above result is generally true, that is, we prove the following modular transformation by using Zhu's result (2).
Main Theorem. Let V be a rational vertex operator algebra with the irreducible modules 
Vertex operator algebras
Definition. A vertex operator algebra is a Z-graded vector space
satisfying dim V n < ∞ for all n and V n = 0 for n 0, equipped with a linear map
and with two distinguished vectors, vacuum element 1 ∈ V 0 and conformal vector ω ∈ V 2 , satisfying the following conditions for u, v ∈ V :
where
for m, n ∈ Z, where L(m) = ω(m + 1) and c is called central charge;
We also have the notion of modules:
equipped with a linear map
satisfying the following conditions:
and the following Jacobi identity holds:
A weak module W is called a module if every finitely generated weak submodule
M r+n = 0 for n ∈ Z sufficiently large, for any r ∈ C.
Formal power series.
We use the notation q and q z to denote e 2πιτ and e 2πιz , respectively.
In this paper, the formal power series
plays an essential role, where 1/(1 − q n ) is understood as ∞ i=0 q ni . The limit of P 2 (q z , q) (which we still denote as P 2 (q z , q)) relates to p(z, τ ) by
is the Eisenstein series and p(z, τ ) is the Weierstrass p-function
It is known that
and
In particular,
In this paper, we use variables {z 1 , . . . , z n } and calculate the products of formal power series P 2 (q z i −z j , τ ). In order to simplify notation, we use a transposi-
as an involution (element of order 2) of n and denote
For
. . , σ n } are mutually disjoint and the product σ 1 · · · σ n is equal to σ . For v ∈ V 1 and u ∈ V , v(0) acts on the finite-dimensional homogeneous subspaces V m and satisfies [v(0) Definition. For a V -module W and u, v ∈ V 1 , define
We set θ W (v, τ ) = Z W (v; 0; τ )η(τ ) c and call it a theta function of W , where η(τ ) = q 1/24 ∞ n=1 (1 − q n ) is the Dedekind eta function. For example, let V be a lattice VOA V 2Zx associated with a 1-dimensional lattice L = 2Zx with x, x = 1. Then
are the irreducible V 2Zx -modules by [D] and x(−1)1, x(−1)1 = −1. We then have
and their modular transformations
are well known (see [Mu] ). Therefore, the modular transformations Z W h (zx(−1)1; 0 : −1/τ ) are expressed by linear combinations of Z W k (u; v; τ ) of (ordinary) modules W k but not twisted modules.
Modular invariance.
In this section, we prove a modular invariance. Throughout this section, we assume (A1) V = ⊕ ∞ n=0 V n is a rational VOA; (A2) {W 1 , . . . , W m } is the set of all irreducible V -modules; (A3) fixed v 1 , . . . , v n ∈ V 1 satisfies v r (0)v j = 0 and v r (1)v j ∈ C1 for any r, j . By (A3), we have
where v r (1)v j = −v r , v i 1. For a grade-keeping endomorphism formal power series ψ ∈ End(W ) ((q z 1 , . . . , q z n , q τ )) of W , set
By the same argument as in the proof of Proposition 4.3.2 of [Z] , we have the following.
. . , n. Then we have
where I (n) is the set of all elements σ in the symmetric group n on n point set = {1, 2, . . . , n} with σ 2 = 1, and f (σ ) denotes the set of fixed points of σ .
Proof. For k ∈ Z, we have
where q z j means that we take off the term q z j . Hence, for k = 0, we have
Therefore, we have
. . , z n , τ ).
By substituting ψv 1 (0) into φ and repeating these steps, we have
The main result we quote from [Z] is the following.
Theorem 4.1 (Zhu) . Let (V , Y, 1, ω) be a rational VOA satisfying (A1) and (A2).
where the A h α,k are constants depending only on α, h, k.
Proof. We first note that E σ t · · · E σ 2 E σ 1 = E σ . Therefore, we have to count the number of E σ in the left side. We prove it by induction on p. If p = 1, then it is trivial. For σ = (r 1 , r 2 ) · · · (r 2p−1 , r 2p ), the number of σ 1 with σ 1 + · · · + σ t = σ and |m(σ 1 )| = 2r is p r . Therefore, by induction, we have
, we have the following.
Lemma 4.2. We have
Proof. By Theorem 4.1 and Proposition 4.1, we have
Hence, we have
Substituting the above equation into S h r∈f (σ ) o(v r ) in the last term by replacing {1, . . . , n} into f (σ ), we have
Repeating the above steps and by the equations
By Lemma 4.1 this is equal to
Proof. Let us calculate the coefficient of For p, q, r ∈ Z, set k = s − 2p − r ≥ 0, h = t − 2q − r ≥ 0. In order to simplify notation, for u, v ∈ V 1 and σ ∈ I (n), we use the following notation: Taking τ = i and several z, we have the known formula:
θ(τ, τ z)e πiz 2 τ .
